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Abstract
In this paper we prove some results concerning how much information about the structure of a
finite group can be gained from knowledge of the set of sizes of the conjugacy classes. We give exam-
ples to show that in general nilpotency cannot be recognised. However we show that for metabelian
A-groups it is possible to identify nilpotent groups. We also prove that if an A-group G has a conju-
gacy class of size 2a , where 2a is the maximal power of 2 to divide the size of any conjugacy class,
then the group is soluble.
© 2005 Elsevier Inc. All rights reserved.
1. Introduction
Let G be a finite group and g ∈ G. We use the term index of g in G to be the size of the
conjugacy class of G containing g and denote this by IndG(g). Let n1 > n2 > · · · > nr = 1
denote the numbers which occur as indices of elements of G, then Itô [14] defined the
conjugate type vector of G to be (n1, . . . , nr ).
In 1904 Burnside proved that if a finite group G has an element of prime power index
then G is not simple [4, XVI, §240]. Since then many authors have investigated the rela-
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A.R. Camina, R.D. Camina / Journal of Algebra 300 (2006) 16–24 17tionship between the structure of a finite group and arithmetical conditions on its conjugate
type vector. For example, in 1972 the first author proved that if the conjugate type vector
of a finite group G is (paqb,pa, qb,1), where p and q are primes, then G is nilpotent [5].
This led the authors to investigate the following question.
Question 1. Let G and H be finite groups with H nilpotent. Suppose G and H have the
same conjugate type vector, is G nilpotent?
We observe that a nilpotent group satisfies the following property: if m and n are co-
prime integers, there are elements of index m and of index n if and only if there is an
element of index mn. This follows from the fact that a nilpotent group can be written as
a direct product of its Sylow p-subgroups. Cossey and Hawkes have proved that, given
a prime p, any set of p-powers, which include 1, and ordered appropriately, occur as a
conjugate type vector of a p-group [8]. Thus Question 1 is equivalent to asking whether a
group which satisfies the property above is nilpotent.
It is important to note that we are not assuming we know the number of conjugacy
classes of a particular size (so, in particular, we do not know the order of the group). In
comparison, Cossey et al. [9] have proved that if both the sizes of conjugacy classes of
a finite group G and the number of classes of each size is known, then it is possible to
determine whether G is nilpotent.
In 1998 the authors proved that Question 1 can be answered positively if the sizes of
all conjugacy classes are square-free [6, Theorem B]. We felt the next step was to consider
Baer groups, that is groups for which all elements of prime-power order have prime-power
index. Baer proved that such a group is a direct product of groups of coprime order, G ∼=
A1 × A2 × · · · × Ar , where each Ai is either a p-group for some prime p or an A-group
whose order is divisible by exactly two primes [1] (recall an A-group is a group with
abelian Sylow subgroups). Thus we were led to consider A-groups. We prove
Question 1 has a positive answer for metabelian A-groups
it follows that
Question 1 has a positive answer for Baer-groups.
However, with the help of GAP [12], we discovered that
Question 1 does not have a positive answer in general.
The smallest examples are of order 160 and have conjugate type vector (20,10,5,4,2,1).
Details are given in the final section of this paper, along with an infinite family of non-
nilpotent groups whose conjugate type vectors look nilpotent.
As part of our analysis of A-groups we prove that if an A-group G has an element of
index 2a , where 2a is the maximal power of 2 to divide the index of any element of G, then
G is soluble. We note that the following questions are still (to our knowledge) open. We
currently believe that all these questions have a positive answer.
Question 2. Let G and H be finite groups with H nilpotent and G an A-group. Suppose G
and H have the same conjugate type vector, is G nilpotent? That is, does Question 1 have
a positive answer for A-groups?
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same conjugate type vector, is G soluble?
Question 4. Let G and H be finite groups with H nilpotent. Suppose G and H have the
same conjugate type vector, but G is not nilpotent. Does G have a centre?
2. The centre
A useful but straightforward lemma.
Lemma 1. Let A and B be normal subgroups of G with A∩B = 1. Then if x ∈ A it follows
that IndG/B(xB) = IndG(x).
Proof. Suppose xg = xb for some g ∈ G and some b ∈ B . Then [x,g] = b ∈ A ∩ B = 1
and the result follows. 
Proposition 1. Let G be an A-group and suppose Z = 1 is the centre of G. Then G and
G/Z have the same conjugate type vector.
Proof. Let K be a central subgroup of order p. Consider the conjugate type vector of
G/K := G¯. If IndG¯(x¯) = IndG(x) then there exists g ∈ G such that xg = xz for some
1 = z ∈ K . Now the order of x is equal to the order of xg which is equal to the order of
xz. Let the order of x be n then since the order of z is p it follows that p divides n. We
write x as a product of its p and p′ parts, x = ab. Then agbg = abz. Suppose b has order
m, by considering (agbg)m we can assume that x is a p-element. Since G is an A-group
this means that x has p′-index. Note that xgr = xzr and thus xgp = x. So gp ∈ CG(x). We
write g = vu where u is a p-element and v is a p′-element. Then vpn ∈ CG(x) where pn
is the order of u and consequently v ∈ CG(x). So xz = xg = xu. It follows that 〈x, z,u〉
is a p-group (as 〈x, z〉 is a normal p-subgroup) thus abelian, and so lies inside CG(x). So
g ∈ CG(x), a contradiction. So the conjugate type vector of G¯ is equal to the conjugate
type vector of G. 
3. Solubility
Theorem 1. Let G be an A-group which has an element of index 2a where 2a is the maxi-
mal power of 2 which divides the index of any element of G. Then G is soluble.
Proof. We suppose the result is not true and take a minimal counterexample, G. By Propo-
sition 1 we can assume that G has trivial centre.
We know that G has the following structure: 1 LM G where M and L are nor-
mal subgroups of G and |G/M| and |L| are both odd. Further, there exist normal subgroups
N and K of G, both containing L and such that M/L ∼= N/L⊕K/L with N/L an abelian
2-group and K/L a direct product of simple groups of type J1, PSL(2,2a) or PSL(2, q),
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but for the original proofs see [2,15].
Let x be an element of index precisely 2a . Since |L| and |G/M| are odd we see that x
centralises both L and G/M . Also from the structure of the simple groups involved in K
we see that x centralises K , note that then x centralises any Sylow 2-subgroup of K . Let
H = M〈x〉, then H is normal. Furthermore, IndG(x) = IndH (x) and therefore H satisfies
our hypotheses. However, H is not soluble so H = G.
Firstly suppose x /∈ M . We claim that IndG(x) = IndG/L(xL). Let T0 be a Sylow
2-subgroup of N . We can write G = NG(T0)L and let x = uv appropriately. Then,
to calculate IndG/L(xL) it suffices to let x = u ∈ NG(T0), since xL = uL. Recall,
G = CG(x)T0 and suppose there exists g ∈ T0 such that xg = xl for some l ∈ L. Then
[x,g] = l ∈ T0 ∩ L = 1, thus the claim is proved. So we can suppose L = 1. From the
structure of K we know that we can choose an element y ∈ K with index divisible by 2.
We now consider the element xy and in particular the 2-power of its index. Note that
CN×K(xy) = CN(x) × CK(y). Thus 2a+1 divides the index of xy which yields a contra-
diction.
Now we consider the case when x ∈ M = G. Since x centralises K we have that x ∈ L.
We show that we can reduce to the case where K/L is a simple group. Suppose K/L ∼=
ΠKi for 1  i  n, where Ki are simple groups of appropriate type. Then IndG(x) =
IndS(x), where S  G with S/L ∼= N/L ⊕ Kn, so by minimality we can assume that
S = G. We now show that we can reduce to the case when L is abelian. As L is a soluble
A-group it follows that Z(L)∩L′ = 1 [13, VI.14.3]. But x ∈ Z(L), so factoring out by L′
retains the hypothesis by Lemma 1.
Next we show that L = Z(K). Let π be the set of primes dividing |L| but not dividing
|K/L| and σ be the set of primes dividing |L| and also dividing |K/L|. If p ∈ σ then
CG(Op(G)) > L, and therefore is equal to K as K/L is simple. So Oσ (G) Z(K). Now
take q ∈ π , then by the Zassenhaus decomposition we have that Oq(G) = [Oq(G),K] ⊕
COq (G)(K) and thus L = [L,K] ⊕ CL(K). Finally we factor out by [L,K] and again the
index of x is unchanged by Lemma 1.
Since K is a central extension of a simple group we can examine the multipliers of the
simple groups J1, PSL(2,2a) or PSL(2, q), where q is a prime power congruent to 3 or 5
modulo 8. For J1 we see from the ATLAS [7] that the multiplier is trivial. In all other cases
the multiplier is trivial, or of order 2 [13, V.25.7]. Since |L| is odd we see that K = L× S
where S is a simple group and further G = N ×S and x ∈ N . Since S has elements of even
index the result follows. 
4. The metabelian case
The following is almost definitely known but we have included a proof as we could not
find an explicit reference.
Lemma 2. Let A be an abelian group acting faithfully on an abelian group V (written
additively) of coprime order. Then V has a regular orbit.
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we have that A acts faithfully on Ω1(V ) and thus we can suppose V is elementary abelian.
Writing V as a direct sum of irreducible GF(p)-modules V = V1 ⊕ · · · ⊕ Vr we let Ki be
the kernel of the action of A on Vi . Then by [13, II.3.10] we know that A/Ki is cyclic and
consequently there exists vi ∈ Vi such that CA(vi) = Ki . It follows that v =∑i vi satisfies
CA(v) =⋂i Ki = 1 since the action is faithful and the result follows for this case.
In general, write V as a direct sum of its Sylow subgroups V = W1 ⊕ · · · ⊕ Wk and
denote the kernel of the action of A on Wi as Ni . Then, by the previous paragraph, we
have wi ∈ Wi with CA(wi) = Ni and the element w =∑i wi is our required element. 
Corollary 1. Let G be a metabelian A-group without centre. Then there exists g ∈ G with
CG(g) = G′.
Proof. From [13, VI.14.7(b)] we know that F(G) = G′ × Z(G). Since Z(G) = 1 it fol-
lows that G′ = F(G) = ΠOp(G). Apply Lemma 2 to G/CG(Op(G)) acting on Op(G)
to yield an element xp ∈ Op(G) of index |G/CG(Op(G))|. Then x = Πxp is the required
element. 
Lemma 3. Let G be a metabelian A-group without centre. Then
(i) G = DG′ with D ∩G′ = 1, where D is the system normaliser.
(ii) For x ∈ D we have G′ = [G′, x] ⊕CG′(x).
(iii) Let g ∈ G. Then there exists k ∈ G such that gk = xu with x ∈ D,u ∈ G′ and
[x,u] = 1. Note either x or u can be the identity.
(iv) Let g = xu with x ∈ D,u ∈ G′ and [x,u] = 1. Then CG(g) = CG(x) ∩ CG(u) and
IndG(g) = IndG(x) IndG(u).
Proof. Statement (i) is [13, VI.14.4].
To prove (ii) fix a prime p dividing |G′|. Write x = st a product of its p and p′
parts, respectively. Now as G′ = F(G), the Fitting subgroup of G, the Sylow p-subgroup
of G′ is given by Op(G) and the action of x on Op(G) is given by the action of t ,
as G is an A-group. So, by the Zassenhaus decomposition [13, III.13.4] we have that
Op(G) = [Op(G), 〈x〉] ⊕ COp(G)(〈x〉) = [Op(G), x] ⊕ COp(G)(x). As G′ = ΠOp(G) the
result follows.
For (iii) we note that g can be written g = xv with x ∈ D and v ∈ G′. By (ii) v = wy
with w ∈ [G′, x] and y ∈ CG′(x). Note that xw = xk−1 for some k ∈ G′. Then g = xv =
xk
−1
y and gk = xyk = xu where u = yk and [x,u] = 1.
Finally, we prove (iv). Note that CG(u)CG(x) = G and [G,x] = [G′, x]. Suppose
(xu)g = xu then x−1xg = uu−g . Now x−1xg ∈ [G,x] = [G′, x]. We write g as ab
with a ∈ CG(u) and b ∈ CG(x). Then uu−g = uu−b ∈ CG′(x). So x−1xg = uu−g ∈
[G′, x] ∩ CG′(x) and the first statement follows. Now note that CG(u) is a normal sub-
group of G, so G/CG(u) ∼= CG(x)/CG(g) and the second statement follows. 
Lemma 4. If G is an A-group then IndG(x)/ IndG(xp) is prime to p.
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p-subgroup of CG(xp) = CG(up) ∩ CG(vp) containing u ∈ P . As CG(vp) = CG(v) it
follows that P is also a Sylow p-subgroup of CG(x) and the result follows. 
Lemma 5. Let G be a metabelian A-group without centre and suppose G has a conjugate
type vector like that of a nilpotent group. Write G = DG′ where D is the system normaliser
as in Lemma 3.
Let p be any prime dividing the order of G. Let pa be the maximal p-power dividing
the index of any element of D, then there exists an element of D of index precisely pa .
Similarly let pc be the maximal p-power to divide the index of any element of G′ then
there exists an element of G′ of index pc.
Proof. Let x ∈ D with pa dividing IndG(x). Let y ∈ D of maximal p-power index, let
this index be pb. Similarly let u ∈ G′ with pc dividing IndG(u) and let v ∈ G′ of maximal
p-power index, let this index be pd . We show that a = b and c = d .
By the previous lemma we can assume x, y,u and v are all p′-elements. Since
IndG(y) = pb it follows that CG(y) contains the Hall p′-subgroup of G′, so u commutes
with y. Then IndG(yu) = IndG(y) IndG(u), by Lemma 3(iv). Thus pb+c is the power of p
which divides the index of yu. Since the conjugate type vector of G is that of a nilpotent
group it follows that there exists an element of index precisely pb+c , and by Lemma 3
we can denote this element by zw where z ∈ D and w ∈ G′ with [z,w] = 1. However,
IndG(z) pb and IndG(w) pd and as d  c it follows that d = c as required. Consider-
ation of the element xv yields that a = b. 
Theorem 2. Let G be a metabelian A-group with a conjugate type vector like that of a
nilpotent group. Then G is abelian.
Proof. We prove the result by induction on the order of G. If the centre is nontrivial by
Proposition 1 we have that G/Z(G) is abelian. But then G is nilpotent and hence abelian
as G is an A-group. Hence we can assume Z(G) = 1. We let G = DG′ where D is the
system normaliser. We show that we do not have an element of index lcm(IndG(x)) and
the result follows.
Using the notation of Lemma 5 and choosing a prime p which divides the order of G,
we let pa be highest power of p which divides the index of an element of D and pc be
the highest power of p which divides the index of an element of G′. It follows from the
previous lemma that the highest power of p to appear as an index is pa+c. Furthermore,
from Corollary 1 we know that pc is the highest power of p to divide |D|. Suppose v is
an element of maximal index in G and write v = xu where x ∈ D, u ∈ G′ and [x,u] = 1.
Then pa+c is the p-part of the index of v. We claim that pa divides IndG(x) and pc divides
IndG(u), since if the p-powers divide differently we have a contradiction to Lemma 5.
Consideration of all primes dividing |D| gives us that IndG(u) = |D|, and consequently
CG(u) = G′. This forces x = 1 which yields a contradiction either by choosing an element
in D of index coprime to D, or by forcing a higher power of p where p divides |D|. 
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conjugate type vector like that of a nilpotent group. Then G is abelian.
Proof. An A-group whose order is divisible by just 2 primes is metabelian [13,
VI.14.16]. 
Corollary 3. Let G be a Baer group with a conjugate type vector like that of a nilpotent
group. Then G is nilpotent.
Proof. A Baer group is a direct product of groups of coprime order each of which is either a
p-group for some prime p or an A-group of order qbrc for distinct primes q and r [1]. 
5. Examples
As a result of a discussion with Alice Niemeyer we consulted SmallGroups [3], a library
of small groups within GAP [12]. This gave us examples of groups which are not nilpotent
but have conjugate type vectors like that of nilpotent groups. The smallest examples have
order 160 and conjugate type vector (20,10,5,4,2,1). We have 4 such examples. Let P
denote the Sylow 2-subgroup and Q = 〈u〉 the Sylow 5-subgroup, then the examples are
as follows, where we also give reference to the identifiers in SmallGroups:
• P = 〈x, y: x8 = y8 = 1, [x, y] = x2, x4 = y4, xy2 = x〉. Then G = PQ with ux = u
and uy = u2, G is 160#70 and P is 32#15.
• P as above, G = PQ with ux = u−1 and uy = u2, G is 160#71 and P is 32#15.
• P = 〈x, y: x4 = y8 = 1, yx = y3〉. Then G = PQ with uy = u and ux = u2, G is
160#69 and P is 32#14.
• P = 〈x, y: x4 = y8 = 1, yx = y−1〉. It is interesting to note that this group appears in
[10] as a minimal example. Then G = PQ with uy = u and ux = u2, G is 160#68 and
P is 32#13.
The smallest examples of odd order have order 35 × 19. There are 6 such examples, we
generalise one of these. For each prime p satisfying p ≡ 1 (mod 9) we construct a group
G of order 35p and conjugate type vector (9p,3p,p,9,3,1).
Let T = 〈x1, x2, x3: x31 = x32 = x273 = 1, x1x2 = x2x1, xx13 = x193 , xx23 = x3x−11 〉 with
identifier 243#16. T has order 35 and conjugate type vector (9,3,1). Now let p be a prime
satisfying p ≡ 1 (mod 9) and let Q = 〈u〉 be a group of order p. Furthermore, let m be
a 9th root of unity. We can let T act on Q as follows. Let x1 and x2 act trivially and set
ux3 = um. We claim that G = TQ has conjugate type vector (9p,3p,p,9,3,1).
To prove this we first show that the set of indices of elements of G is contained in the
required set and then find elements of each of the required indices. We begin by considering
multiplication of elements of G. Note that we can write each element uniquely in the form
xa3x
b
2x
c
1u
d
, with 0 a, b 2, 0 c 26 and 0 u p − 1. Consider two elements of G,
namely A = xaxbxcud and B = xαxβxγ uδ , then we have that3 2 1 3 2 1
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α+δ.
Similarly
BA = xα3 xβ2 xγ1 xa3xb2xc1uδm
a+d .
Thus AB = BA if and only if Au−d and Bu−δ commute and dmα +δ ≡ δma +d (mod p).
We consider CG(A). We claim that given g ∈ T with g ∈ CT (Au−d) we can find δ
such that guδ ∈ CG(A). Moreover whether we can find a unique solution for δ or p so-
lutions is dependent on A alone, not on the choice of g. We need to solve dmα + δ ≡
d + δma (mod p) for δ given d,m,a and α. Equivalently
d
(
mα − 1)≡ δ(ma − 1) (mod p).
We have the following cases:
– if ma − 1 ≡ 0 (mod p) we have a unique solution for δ for each g ∈ CT (Au−d) and
|CG(A)| = |CT (Au−d)|;
– suppose ma − 1 ≡ 0 (mod p). If d = 0 then δ is arbitrary modulo p and |CG(A)| =
p|CT (Au−d)|.
Suppose d = 0. Then for an element B to lie in the centraliser of A we must have that
α is divisible by 9 and then δ can be arbitrary. There are no other restrictions and we
get that |CG(A)| = 33p.
Thus we have shown that the conjugate type vector of G lies in the set {9p,3p,p,9,
3,1}. An easy check shows that the elements, 1, x1, u, x33 , x2x3 and x3 have indices 1,
3, 9, p, 3p, 9p, respectively, and thus G has conjugate type vector (9p,3p,p,9,3,1) as
claimed.
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